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Quantities and units

Quantity (VIM 1.1 )

Property of a phenomenon, body, or substance, where the property has a magnitude that
can be expressed as a number and a reference.

X = {X} [X ]

X Quantity;

{X} value;
[X ] unit

Examples

L = 3m⇒
{L} = 3

[L] = m

E = 10V/m⇒
{E} = 10

[E ] = V/m
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Quantities and units

System of quantities (VIM 1.3 )

Set of quantities together with a set of noncontradictory equations relating those
quantities.

Remark

Stating that, e.g., F = q1q2/r
2 or F = q1q2/(4πε0r

2) generates di�erent sets of
quantities.

System of units (VIM 1.13 )

Set of base units and derived units, together with their multiples and submultiples,
de�ned in accordance with given rules, for a given system of quantities.

Remarks

The number of base units is arbitrary: too few base units make dimensional analysis
useless; too many, overwhelming.

A system of units in which each derived unit is a product of powers of base units
with no other proportionality factor than one is called coherent.
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Quantities and units

International System of Quantities, ISQ (VIM 1.6 )

System of quantities based on the seven base quantities: length, mass, time, electric
current, thermodynamic temperature, amount of substance, and luminous intensity.

International System of Units, SI (VIM 1.16 )

System of units, based on the International System of Quantities, their names and
symbols, including a series of pre�xes and their names and symbols, together with rules
for their use, adopted by the General Conference on Weights and Measures (CGPM).

Remarks

The SI is a coherent system of units.

The SI is also rationalized: Maxwell equations do not contain any 4π factor.
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The International System of units (SI
The seven base units

m The metre is the length of the path travelled by light in vacuum during a time
interval of 1/299792458 of a second.

kg The kilogram is the unit of mass; it is equal to the mass of the international

prototype of the kilogram.

s The second is the duration of 9 192 631 770 periods of the radiation corresponding
to the transition between the two hyper�ne levels of the ground state of the
caesium-133 atom.

A The ampere is that constant current which, if maintained in two straight parallel

conductors of in�nite length, of negligible circular cross-section, and placed 1 m
apart in vacuum, would produce between these conductors a force equal to 2× 10=7

newton per metre of length.

K The kelvin , unit of thermodynamic temperature, is the fraction 1/273.16 of the
thermodynamic temperature of the triple point of water.

mol The mole is the amount of substance of a system which contains as many
elementary entities as there are atoms in 0.012 kg of carbon 12.

cd The candela is the luminous intensity, in a given direction, of a source that emits

monochromatic radiation of frequency 540× 1012 hertz and that has a radiant
intensity in that direction of 1/683 watt per steradian.
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The International System of units (SI
many derived units

Examples

m/s unit of velocity;

W = kgm/s2 unit of power;

V = kgm2s−3A−1 unit of electrical potential di�erence (voltage)
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De�nition of units
in the present SI

an artefact:

The kilogram is the unit of mass; it is equal to
the mass of the international prototype of the
kilogram.

a natural property

The kelvin is the fraction 1/273.16 of the
thermodynamic temperature of the triple point
of water.

an idealized experiment

The ampere is that constant current which, if
maintained in two straight parallel conductors of
in�nite length [. . . ] would produce a force equal
to 2× 10=7 newton per metre of length
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The realization of the units

Realization (VIM 5.1 )

The realization of the de�nition of a unit can be provided by a measuring system, a
material measure, or a reference material.

Examples

an artefact:

The international prototype of the kilogram is the realization
of the kilogram.

a device

A triple point of water cell is a realization of the kelvin.

an experiment

The current balance is a realization of the ampere.
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De�ning and realizing units

Reproduction (VIM 5.1 )

The reproduction of a unit consists in realizing the unit not from its de�nition but in
setting up a highly reproducible measurement standard based on a physical phenomenon,
and, usually, by assigning to it a conventional value.

Examples

In the present SI:

The volt is reproduced by means of the Josephson e�ect.

The ohm is reproduced by means of the quantum Hall e�ect.

The thermodynamic temperature scale is reproduced through two conventional
temperature scales, the International Temperature Scale of 1990 (ITS-90) and the
Provisional Low Temperature Scale of 2000 (PLTS-2000).
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SI units for electromagnetic quantities

Base units

Symbol Unit name

m metre
kg kilogram
s second
A ampere

Derived units

mα kgβ sγ Aδ, where α, β, γ, and δ are usually integers.

Luca Callegaro (INRIM) Electromagnetism and fundamental constants in the forthcoming International System of Units30 August 2017 10 / 69



SI units for electromagnetic quantities

Base units

Symbol Unit name

m metre
kg kilogram
s second
A ampere

Derived units

mα kgβ sγ Aδ, where α, β, γ, and δ are usually integers.

Luca Callegaro (INRIM) Electromagnetism and fundamental constants in the forthcoming International System of Units30 August 2017 10 / 69



SI units for electromagnetic quantities

Derived units with special names

Derived quantity name symbol expression in terms
of base units

frequency hertz Hz s=1

energy joule J m2 kg s=2

power watt W m2 kg s=3

electric charge coulomb C s A

electric potential di�erence volt V m2 kg s=3 A=1

electric capacitance farad F m=2 kg=1 s=4 A2

electric resistance ohm W m2 kg s=3 A=2

electric conductance siemens S m=2 kg=1 s3 A2

magnetic �ux weber Wb m2 kg s=2 A=1

magnetic �ux density tesla T kg s=2 A=1

inductance henry H m2 kg s=2 A=2

Remark

Can form further derived units. For example, permittivity can be expressed either in F/m
or in m=3 kg=1 s4 A=2.
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SI pre�xes and su�xes

The SI adopts a series of pre�x names and pre�x symbols to form the names and symbols
of the decimal multiples and submultiples of units, ranging from 1024 to 10=24.

name symbol factor name symbol factor

yocto y 10−24 deca da 101

zepto z 10−21 hecto h 102

atto a 10−18 kilo k 103

femto f 10−15 mega M 106

pico p 10−12 giga G 109

nano n 10−9 tera T 1012

micro µ 10−6 peta P 1015

milli m 10−3 exa E 1018

centi c 10−2 zetta Z 1021

deci d 10−1 yotta Y 1024

The expression of the value of electromagnetic quantities bene�ts of large or small
pre�xes, more often than in other scienti�c �elds. For example, it is common to speak of
fA current, PW resistance, or aF capacitance values.

Luca Callegaro (INRIM) Electromagnetism and fundamental constants in the forthcoming International System of Units30 August 2017 12 / 69



The ampere

In the present SI, the de�nition of the base unit ampere is mechanical:

The ampere is that constant current which, if maintained in two straight
parallel conductors of in�nite length, of negligible circular cross-section, and
placed 1 metre apart in vacuum, would produce between these conductors a
force equal to 2× 10=7 newton per metre of length.

All electromagnetic derived units have an ultimately mechanical de�nition also.

These quantities are exact:

µ0 = 4× 10−7 H/m the magnetic constant;

ε0 =
(
µ0c

2
)−1

= 8.854 187 817 . . . pF/m, the electric constant

Z0 = µ0 c =
√
µ0 ε

−1
0 = 376.730 313 4 . . . Ω, the impedance of free space

µ0, ε0 constant ⇒ realization of SI units of impedance.

Luca Callegaro (INRIM) Electromagnetism and fundamental constants in the forthcoming International System of Units30 August 2017 13 / 69



Realization of the ampere
The (electrodynamic) ampere balance (Vigoreux, 1965)

Ampère force law:

F =
µ0
4π

∫
Γ1

∫
Γ2

I1 d`1 × I2 d`2 × r21

|r21|2

If I1 = I2, F = µ0kI
2 where k is computed from geometrical measurements
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Realization of the volt
The (electrostatic) voltage balance

V

F
S

d

Force between plates: F = ε0
S

2d2
V 2 = ε0 k V

2

where k is computed from geometrical measurements
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Realization of the volt
Cylindrical-electrode voltage balance, PTB (Siencknecht and Funck, 1986)

V = 10 186V = 1000× EWeston; m = 2 g !
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Realization of the volt
Mercury-electrode elevation, CSIRO Australia (Sloggett et al., 1985)

V =

√
2ρg

ε0
d
√
h. V = kV, d = 600 µm, uV = 0.33× 10−6
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Realization of the electrical watt
The watt balance, or Kibble balance

Solves the problem of geometrical measurements!

I

B

F

mg

`

z

I

B

z

v

Weighing mode: F = B`I =
dΦ

dz
I

Moving mode: E =
dΦ

dt
=

dΦ

dz

dz

dt
=

dΦ

dz
v

Fv = EI ; Pm = Pe
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The Kibble balance
(Robinson and Schlamminger, 2016)

Solves the problem of geometrical measurements!

weighing mode moving mode
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The Kibble balance evolution
NPL, Kibble (1976) for the gyromagnetic ratio of the proton
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The Kibble balance: evolution
NRC, Bryan P. Kibble and I. Robinson, 2011

Luca Callegaro (INRIM) Electromagnetism and fundamental constants in the forthcoming International System of Units30 August 2017 21 / 69



The Kibble balance: evolution
NIST-3
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The Kibble balance: evolution
The next generation: NIST-4, 2016
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The Kibble balance: evolution
The next generation: NPL, 2017
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The Kibble balance
Determination of the Planck constant

mgv = EI

E = n
fE
KJ

I =
VI

R
=

fI
KJ

1

rRK

KJ =
2e

h

RK =
h

e2

⇒ mgv = hfEfI
n

r

h can be measured mechanically
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Realization of impedance units
Calculable geometries

if the geometry of the system of conductors is su�ciently simple, explicit mathematical
expressions for their inductance or capacitance value may exist. For example:

the low-frequency inductance L of a circular conductive loop (of radius r), made of a
circular perfect conductor (of radius a), in vacuum, is L = µ0 r [log(8r/a)− 7/4];

the capacitance C of a conducting sphere of radius R in vacuum is C = 4πε0R.

The previous examples are not adequate for a practical impedance realization, which
require a careful choice of the calculable geometrical shape of conductors in order to
minimize:

the dependence of L or C on inevitable deviations of the mechanical realization of
conductors' shapes from the ideal geometry employed in the mathematical modelling;

the number, and practical di�culty, of the accurate length measurements which are
needed in the calculation.
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Realization of impedance units: the henry
The PTB self-inductor (Linckh and Brasack, 1968)

L = µ0kN
2 where k is determined by geometrical measurements
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Realization of the inductance unit, the henry
The NPL Mutual inductor (Campbell, 1907)

L

L

L

L

r

R
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Realization of capacitance unit, the farad
the calculable capacitor

1

23

4

S

The general geometry of four conductors 1, 2, 3, 4 having cylindrical symmetry, and
arranged in a closed shell with in�nitesimal gaps, analyzed by the Thompson-Lampard
theorem.
Thompson-Lampard theorem (Lampard, 1957)

exp (−πε0C13) + exp (−πε0C24) = 1.

If there is su�cient symmetry such that C13 = C24 = C ,

C = ε0
log 2

π
= 1.953549043 . . .× 10−12 F/m [exact].
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The calculable capacitor

1964: Fixed calculable capacitor, realized with stacked gauge bars, NRC (Dunn, 1964).
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Realization of capacitance unit, the farad
the calculable capacitor

1
2

3

4

5

6

7

7

Cross capacitor with movable guard electrode. 1, 2, 3, and 4 are the four

cylindrical electrodes to which the cross-capacitor theorem is applies. 5

and 6 are the two guard electrodes; electrode 6 can be moved axially

between two positions; the motion is monitored by a laser interferometer 7.

C = ε0
log 2

π
`, where ` is a geometrical length to be measured.
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The calculable capacitor

2015: NMIA-BIPM cross capacitor, with movable guard. (courtesy of J. Fiander)
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Quantum electrical metrology experiments

Macroscopic quantum e�ect that display an electrical quantity
related to fundamental constants

quantized resistance: the quantum Hall e�ect

quantized �ux counting: the Josephson e�ect

quantized charge counting: single-electron counting devices
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The quantum Hall e�ect

AlGaAs/GaAs Hall bar heterostructure, 1mm× 0.4mm;
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The quantum Hall e�ect

� RH = VH/I Hall resistance;

� Rx = Vx/I longitudinal resistance.
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The quantum Hall e�ect

Each plateau i is centered has a resistance value
RH = RK/i , with i integer

RK =
h

e2
=
µ0 c

2α
.

RK is linked to the �ne structure constant α
which can be measured by non-electrical means.

CODATA least-squares adjustment: RK = 25 812.807 443 4(84) Ω [3.2× 10−10].
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Quantum Hall array resistance standards

(a) 10 kW QHARS design (Ortolano et al., 2015) (b) 1MW QHARS (Oe et al., 2016)

10 kW array: R10 kΩ =
203

262
RH = (1− 3.4× 10−8)× 10 kΩ
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Graphene for QHE
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Graphene for QHE
PTB graphene Hall bar

PTB
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Graphene for QHE
(Ribeiro-Palau et al., 2015)
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Quantized charge counting
Single charge con�nement

Q
−
Q

+ Q
−
G Q

+
G

+

V
CG

CRT

Single-electron box, coupled to an external

circuit with a tunnel junction (with tunnel

resistance RT and capacitance C) and a

capacitor CG. occupation number n versus applied bias voltage V .
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Quantized charge counting
Moving individual electrons

Via tunneling events, electrons charge the island with charge Qi = −n e, where n is an
integer and e the charge quantum. The gate has capacitance CG and holds charge QG;
the tunnel junction has tunnel resistance RT, capacitance C and holds charge Q; then,
Qi = Q − QG.
Circuit analysis of the mesh of Fig. ?? gives

E =
Q2

2C
+

Q2
G

2CG
=

C CG V
2 + Q2

i

2(C + CG)
,

the generator work W = QGV , and the free energy F

F = E −W =
(CGV + Qi)

2

C + CG
+ K =

(CGV − n e)2

C + CG
+ K

can be computed (K is a constant term).
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Quantized charge counting
Moving individual electrons

At equilibrium at a given bias V , the minimization of the free energy F (V ) gives the
corresponding equilibrium electron occupation of the box n(V )

Single-electron box occupation number n versus applied bias voltage V .
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Quantized charge counting
Conditions

In the derivation above, two hypoteses have been made:

1 the spacing between energy levels of the single electron box is large with respect to

the average thermal excitation:
e2

2(C + CG)
� kBΘ. With nanofabrication

techniques, device capacitances in the fF range can be achieved; an adequate
working temperature lies in the tens of mK range.

2 the spacing between energy levels of the single electron box is large with respect to
the energy uncertainty of an occupation state, in turn related by uncertainty
principle to the state lifetime RTC caused by tunneling events. This gives the
condition RT � RK.
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Quantized charge counting
Nanodevices

+

VGa

source

CGa

+V

drain

VGb

CGb

+

1 2 3
a b

A three-junction single-electron pump.

Luca Callegaro (INRIM) Electromagnetism and fundamental constants in the forthcoming International System of Units30 August 2017 45 / 69



Quantized charge counting
Nanodevices

Semiconductor single-electron pumps (courtesy PTB).
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The Electron-counting capacitance standard

The de�nition of capacitance Q = C V is directly employed in dc regime.

V

pump SET electrometer Voltage feedback

+Q−Q
C

+

Electron-counting capacitance standards block schematics, using single-electron devices.
A single-electron pump charges capacitor C to Q; a SET electrometer nulls low voltage
side of C by driving a feedback generator to voltage V .
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Counting �ux quanta
Josephson junctions

Idc+rf

Vdc

normal

superconductor

Josephson junction:

two superconductors coupled by a tunneling barrier

have coupled wavefunctions
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Counting �ux quanta
The Josephson e�ect

i(t) = Ic sin

(
2π
φ(t)

Φ0

)
where

Φ0 = 2e/h = 2.067 833 831(13)× 10−15Wb [6.1× 10−9] (CODATA 2014) is the
�ux quantum;

KJ = h/2e = Φ−1
0 = 483 597.8525(30)GHz/V is the Josephson constant;

Ic is the critical current of the junction;

φ(t) =

∫ t

0

v(τ) dτ is the �ux of the voltage applied to the junction.
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Counting �ux quanta
voltage to frequency converter: the AC Josephson e�ect

Applying a constant voltage V to the junction, φ(t) = Vt,

i(t) = Ic cos

(
2π

Φ0
Vt

)

which is an oscillator with frequency f =
V

Φ0
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Counting �ux quanta
frequency to voltage converter: the (inverse AC) Josephson e�ect

Applying a dc+ac voltage excitation v(t) = Vdc + Vac cos(2πfact), the Josephson carrier
fJ = Vdc/Φ0 is FM modulated.
The FM sidebands allow a zero-frequency (dc) current bias only for the condition
fJ = nfac, integer n:

Vdc = nΦ0fac =
nfac
KJ

Every cycle of fac, n �ux quanta are counted across the junction.
Feasible drive frequencies: fac = 70GHz ⇒ Vdc = 150 µV.

Luca Callegaro (INRIM) Electromagnetism and fundamental constants in the forthcoming International System of Units30 August 2017 51 / 69



Counting �ux quanta
frequency to voltage converter: the (inverse AC) Josephson e�ect

Under proper Irf excitation amplitude of frequency frf

Vdc = nΦ0frf =
n

KJ
frf

where

Φ0 = h/2e = 2.067 833 831(13)× 10−15Wb [6.1× 10−9] is the �ux quantum;

KJ = 2e/h = 1/Φ0 = 483 597.8525(30)GHz/V is the Josephson constant;

n is a small integer.

Feasible drive frequencies:
frf = 70GHz ⇒ Vdc = 150 µV.
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Counting �ux quanta
frequency to voltage converter: the (inverse AC) Josephson e�ect

The I − V characteristic of a Josephson array (256 junctions) under microwave
irradiation. Steps n = 0,±1,±2 are visible. f ≈ 73GHz
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Counting �ux quanta
Josephson binary DAC

Binary-weighted Josephson DAC

Josephson junction binary array chip. 13 bit+sign DAC with 8192 superconducting-normal
metal-insulator-superconductor (SNIS) junctions. The junctions are geometrically

arranged over 32 parallel strips of 256 junctions each. f = 70GHz. Vfullscale ≈ ±1.2V
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The quantum experiments in the framework of the present SI

Knowledge in 1989 (CODATA):

KJ = 483 597.9(2)GHz/V [4× 10−7]

RK = 25 812.807(5) Ω [2× 10−7]

but, reproducibility of Josephson and quantum Hall experiments in di�erent experiments
and di�erent laboratories was much higher: 10=9�10=10

Solution: invent non-SI units! 18th CGPM resolution 6: Valid since January 1, 1990:

KJ-90 = 483 597.9GHz/V [exact]

RK-90 = 25 812.807Ω [exact]

To KJ-90 and RK-90 the conventional units Ω90, H90, F90, A90, W90 are associated.
These are the electrical units in use nowadays.
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The quantum experiments in the present SI
Present status of the conventional units

Becuase of improvements in the measurement of fundamental constants, today
(CODATA 2014)

KJ = 483 597.8525(30)GHz/V [6.1× 10−9]

RK = 25 812.807 455 5(59) Ω [2.3× 10−10]

Therefore

V90 = 1+9.8(6)× 10−8 V

Ω90 = 1−1.764(2)× 10−8 Ω

⇒ Unacceptable deviation of the conventional units respect to the SI units
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The forthcoming SI

Rede�nition of the SI base of interest for electromagnetism:

kg the kilogram;

A the ampere;

by �xing the values of the fundamental constants:

h Planck constant;

e elementary charge;
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The forthcoming SI: the base unit ampere

The ampere will be rede�ned as:

The ampere, symbol A, is the SI unit of electric current. It is de�ned by taking
the �xed numerical value of the elementary charge e to be
1.602 176 621× 10=19 when expressed in the unit C, which is equal to A s,
where the second is de�ned in terms of ∆νCs.

The kilogram will be rede�ned as:

The kilogram, symbol kg, is the SI unit of mass. It is de�ned by taking the
�xed numerical value of the Planck constant h to be 6.626 070 040× 10=34

when expressed in the unit J s, which is equal to kgm2s=1, where the metre and
the second are de�ned in terms of c and ∆νCs.
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The forthcoming SI: realization of the units
Consequences of the rede�nition

e will be exact;

⇒ any electron-counting experiment will be a realization of the ampere;

RK =
h

e2
will be exact;

⇒ the quantum Hall e�ect will be a realization of the ohm;

KJ =
2e

h
will be exact;

⇒ the Josephson e�ect will be a realization of the volt;

⇒ Combining Josephson and quantum Hall e�ects with Ohm's law will be a
realization of the ampere.
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The forthcoming SI: electromagnetic fundamental constants

µ0 the magnetic constant will be no more 4π × 10−7 H/m:
not exact and subject of measurement;

ε0 =
1

µ0c2
the electric constant will be no more exact;

⇒ ε0 and µ0 will have the same relative uncertainty
and will be totally correlated (correlation coe�cient = −1)

Z0 = µ0c the impedance of free space, and

Y0 = (µ0c)−1 the admittance of free space will be no more exact;
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The forthcoming SI: electromagnetic fundamental constants
The �ne-structure constant

α =
e2

ε0hc

α−1 = 2
RK

Z0
= 137.035 999 139(31)

is not exact, but can be measured with very high accuracy (2.3× 10=10 CODATA 2014)
via atomic spectroscopy experiments.
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The forthcoming SI: realization of the units
A new role for the mechanical experiments

h will be exact;

⇒ The Kibble balance, if traceable to KJ and RK, will be a realization of the
kilogram.

(and similarly for the voltage and the current balances)

µ0 has the same uncertainty of α (2.3× 10=10),

⇒ the calculable inductor keeps the status of a practical realization of the
henry;

⇒ the calculable capacitor keeps the status of a practical realization of the
farad.
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Joint CCM and CCU roadmap for the new SI
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Breaking news: CODATA 2017 adjustment!

2017.08.27: stil unpublished
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Breaking news: CODATA 2017 adjustment!

Quantity Value Re. std year change

h 6.626 070 040(81)× 10=34 J s 1.2× 10=8 2014

h 6.626 070 147(67)× 10=34 J s 1.0× 10=8 2017 1.6× 10=8

e 1.602 176 620 8(98)× 10=19 C 6.1× 10=9 2014

e 1.602 176 633 8(81)× 10=19 C 5.1× 10=9 2017 8.1× 10=9
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New SI Implementation day?

May 20, 2019

World Metrology Day

Yet to be con�rmed, but stay prepared!
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A short video summary of this lecture:

https://ieeetv.ieee.org/ieeetv-specials/quantum-metrology-for-the-practical-realization-of-
electrical-units-in-the-framework-of-the-new-si?
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Further reading

�Draft of the 9th SI brochure,� 10 Nov 2016

CCEM Working Group on the SI, �Mise en pratique for the ampere and other electric
units in the international system of units,� 2017, CCEM-17-08

P. J. Mohr, D. B. Newell, and B. N. Taylor, �CODATA recommended values of the
fundamental physical constants: 2014,� J. Phys. Chem. Ref. Data, vol. 45, 2016

J. Fischer and J. Ullrich, �The new system of units,� Nature Physics, vol. 12, pp.
4�7, 2016

L. Callegaro, Electrical impedance: principles, measurement, and applications, ser. in
Sensors. Boca Raton, FL, USA: CRC press: Taylor & Francis, 2013, iSBN:
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